
Kinematical superalgebras

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1999 J. Phys. A: Math. Gen. 32 5097

(http://iopscience.iop.org/0305-4470/32/27/309)

Download details:

IP Address: 171.66.16.105

The article was downloaded on 02/06/2010 at 07:36

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/32/27
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A: Math. Gen.32 (1999) 5097–5121. Printed in the UK PII: S0305-4470(99)00613-7

Kinematical superalgebras

V Hussin†, J Negro‡ and M A del Olmo‡
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Abstract. We investigate a class of contractions of the anti-de Sitter superalgebra in(1 + 1) and
(3 + 1) space-time dimensions giving rise to the kinematical Poincaré and Galilei superalgebras.
We also present faithful finite-dimensional matrix representations that are suitable for contraction
in different ways.

1. Introduction

Since their introduction in 1953 [1], contraction procedures have been applied to relate Lie
groups and homogeneous spaces corresponding to the various relativistic theories such as,
for instance, de Sitter, Poincaré or Galilei [2]. The same formalism can be applied, with
slight modifications, to many other algebraic structures such as superalgebras [3] and quantum
algebras [4]. In this work we wish to use contraction methods in two respects: (i) to connect
the superalgebras corresponding to the above-mentioned kinematical Lie algebras, and (ii) to
define the contraction of a class of faithful matrix representations that are the most suitable to
define the matrix supergroups or wave equations.

We start by paying attention to the anti-de Sitter (AdS) superalgebras corresponding to
(1 + 1) and (3 + 1) space-time dimensions. Extended supergravity theories, Kaluza–Klein
supergravity and general supersymmetric field theories of the Wess–Zumino type [5] can be
set up in an AdS space. However, where the AdS space is most suitable is in the formulation of
massless higher-spin field theories [6] that do not admit a flat space. Two-dimensional gravity
models such as that of Jackiw–Teitelboim [7, 8] and dilatonic gravity have recently attracted
much attention [9] since they include many interesting properties (black holes, etc) avoiding
the complexity of more dimensions. These models also use an extended(1 + 1)-Poincaŕe
superalgebra that can be obtained from an(1 + 1)-AdS superalgebra [10].

Even algebraically,(1 + 1)- and(3 + 1)-dimensional AdS superalgebras are interesting on
their own. They share the property that the even sectors are isomorphic toso(2, 1) andso(3, 2),
respectively, a coincidence that does not occur in other dimensions. This allows us to realize,
in a minimal way, these superalgebras as the orthosymplectic onesosp(1/2) andosp(1/4),
respectively. On the other hand, the dimension is more crucial in the frame of superalgebras
than Lie algebras, particularly in the study of their contractions, due to the reality conditions.
Therefore, besides the clarifying role of the(1 + 1)-dimensional case as a basic introduction,
it contains many special features not found in(3 + 1) dimensions. Notice that in(1 + 1)
dimensions the de Sitter and the anti-de Sitter superalgebras are both isomorphic, although
their geometric and physical properties are quite different. However, in(3 + 1) dimensions the
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corresponding de Sitter algebras are no longer isomorphic, since(3 + 1)-deSitter≈ so(4, 1)
and(3 + 1)-AdS≈ so(3, 2), but only the latter allows a Majorana representation.

This paper is organized as follows. In section 2 we write down the AdS superalgebras
in (1 + 1) and (3 + 1) dimensions in terms ofosp(1/2) and osp(1/4), respectively. We
study some of the finite-dimensional irreducible representations of these superalgebras in
section 3. An interesting result is the identification of these irreducible representations as
nontrivial matrix subsuperalgebras ofosp(j/2k) with j, k ∈ Z+. Moreover, we present a
covariant realization, in terms of gamma matrices of a particular, but physically interesting,
representation of each superalgebra. In sections 4 and 5 we develop the contraction process of
these superalgebras and their representations in order to obtain, first the Poincaré and secondly
the Galilei superalgebras. In each case we discuss the problem of implementing an involution
of the corresponding superalgebra that gives rise to the relevant grading. As a general result,
we obtain a class of kinematical superalgebras from the AdS superalgebra by means of what we
call ‘standard contractions’. This result generalizes to the superalgebra case, the well known
one that the kinematical algebras (also called inhomogeneous algebras) can be considered as
contractions of a simple pseudo-orthogonal algebra (such as it is the case of AdS) [2,11,12].
Some remarks and conclusions end the paper.

2. AdS superalgebras

2.1. (1 + 1)-AdS superalgebra

Let us consider the Cartan basis{K0,K±;Q±} of the superalgebraosp(1/2), whereK0,K±
are the generators of the even componentsp(2,R) ≈ so(2, 1), andQ± are the supercharges
in the odd sector. The commutation rules are

[K0,K±] = ±K± [K+,K−] = −2K0

[K0,Q±] = ± 1
2Q± [K±,Q±] = 0 [K±,Q∓] = ∓Q±

{Q+,Q−} = K0, {Q±,Q±} = K±.
(2.1)

The Casimir operator ofosp(1/2) is given by

C = K2
0 − 1

2(K+K− +K−K+) + 1
2(Q−Q+ −Q+Q−)

= Ce + 1
2(Q+Q− −Q−Q+) = A2 − A/2 (2.2)

whereCe is the Casimir of the even partso(2, 1), andA = Q+Q−−Q−Q+ is an antisymmetric
supercharge operator.

The underlying vector space ofosp(1/2) can be decomposed into a direct sum of three
superspaces

osp( 1
2) = n− ⊕ h⊕ n+ (2.3)

each of them being a subsuperalgebra, such that

[h,n±] ⊂ n± (2.4)

whereh = 〈K0〉 is the Cartan subalgebra, andn± = 〈K±,Q±〉 are nilpotent superalgebras.
Finally, let V = V0 ⊕ V1 be the complex representation space for a finite-dimensional

representation ofosp(1/2), equipped with the naturalZ2 grading, i.e. 0 for the even and 1 for
the odd vectors. According to [13] an inner product〈·, ·〉 can be defined inV by

〈u|v〉 = 〈u0|v0〉0 + 〈u1|v1〉1 u, v ∈ V (2.5)

where〈·, ·〉0 and〈·, ·〉1 are Hermitian and antiHermitian inner products ofV0, V1, respectively,
while u = u0 + u1, v = v0 + v1, with u0, v0 ∈ V0, u1, v1 ∈ V1. The superHermiticity of the
operators acting onV follows directly from (2.5).
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2.2. (3 + 1)-AdS superalgebra

The Cartan–Weyl basis forosp(1/4) can be written in the form

{H1, H2, Ei, Fi, (i = 1, . . . ,4);Q++,Q+−,Q−+,Q−−}
where{H1, H2, Ei, Fi, (i = 1, . . . ,4)} is the Cartan–Weyl basis of the Lie algebrasp(4,R) ≈
so(3, 2), that spans the even sector, and{Q++,Q+−,Q−+,Q−−} is the set of the supercharges
that generate the odd sector. This is a rank-two superalgebra whose Cartan subalgebra is
h = 〈H1, H2〉. According to our convention the commutators are expressed in the following
way (the vectorH stands for the pair(H1, H2) andE1, E2 are associated to the positive simple
roots ofso(3, 2), and similarlyF1, F2 correspond to the negative roots):

[H, E1] = (1,−1)E1 [H, E2] = (0, 1)E2

[H, F1] = (−1, 1)F1 [H, F2] = (0,−1)F2

[E1, E2] = E3 [E2, E3] = E4 [F1, F2] = −F3 [F2, F3] = −F4

[E1, F1] = H1−H2 [E1, F2] = 0 [E2, F1] = 0 [E2, F2] = H2

[H,Q++] = ( 1
2,

1
2)Q++ [H,Q+−] = ( 1

2,− 1
2)Q+−

[H,Q−+] = (− 1
2,

1
2)Q−+ [H,Q−−] = (− 1

2,− 1
2)Q−−

{Q++,Q++} = −2E4 {Q++,Q+−} =
√

2E3

{Q++,Q−+} = −
√

2E2 {Q+−,Q+−} = 2E1

{Q−−,Q−−} = 2F4 {Q−−,Q−+} =
√

2F3

{Q−−,Q+−} =
√

2F2 {Q−+,Q−+} = −2F1

{Q++,Q−−} = −(H1 +H2) {Q+−,Q−+} = H1−H2.

(2.6)

The vector space ofosp(1/4), like osp(1/2), can be expressed as the direct sum

osp( 1
4) = n− ⊕ h⊕ n+ (2.7)

with the Cartan subalgebrah, and the positive and negative root nilpotent subsuperalgebras
n+ = 〈Q+−,Q++, {Ei}4i=1〉 andn− = 〈Q−+,Q−−, {Fi}4i=1〉, respectively. Quadratic and
quartic Casimir operators similar to (2.2) can be given following the construction of Arnaudon
et al [14].

3. Representations of AdS superalgebras

3.1. Irreducible finite-dimensional representations of osp(1/2)

Let Dj denote the(2j + 1)-dimensional ((2j + 1)D) representation ofso(2, 1), wherej is a
positive integer or half-integer. The common eigenvectors of the CasimirCe andK0, denoted
by |(j)m〉, m ∈ {−j,−j + 1, . . . , j − 1, j}, will be assigned to the even subspaceV0, for
example. ThisDj representation is given by

K0|(j)m〉 = m|(j)m〉
K−|(j)m〉 =

√
(j +m)(j −m + 1)|(j)m− 1〉

K+|(j)m〉 = −
√
(j −m)(j +m + 1)|(j)m + 1〉

(3.1)

and

Ce|(j)m〉 = j (j + 1)|(j)m〉. (3.2)

Note that the generatorK0 is noncompact and, when the contraction to the(1 + 1)-Poincaŕe
algebra is performed, it is identified with the boost generator.
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As the superchargesQ± support theD1/2 representation, the vectorsQ±|(j)m〉 belong to
the tensor productDj⊗D1/2 ≈ Dj+1/2 ⊕ Dj−1/2. In fact, they generate the carrier subspace
corresponding toDj−1/2 because the vector|(j)j〉 is assumed to be the highest weight for the
whole superalgebra, i.e. it is annihilated by both generators ofn+, thus avoiding the(j + 1/2)
subspace. Therefore, the representation space for the whole superalgebra is generated by the
vectors

(K−)n|(j)j〉 (K−)nQ−|(j)j〉 n ∈ Z+. (3.3)

Now, from the commutation rules (2.1) one can check thatQ−|(j)j〉 ∝ |(j ′)j ′〉, with
j ′ = j−1/2. So, the vectors(K+)

n|(j ′)−j ′〉 give rise to theDj−1/2 irreducible representation
of so(2, 1) corresponding to the odd sectorV1. The explicit representation of the supercharges
Q± that can be obtained, up to a global phase factor, from the commutation rules ofosp(1/2)
is

Q+|(j)m〉 = −(1/
√

2)
√
j −m|(j ′)m + 1

2〉
Q+|(j ′)m′〉 = (1/

√
2)
√
j ′ +m′ + 1|(j)m′ + 1

2〉
Q−|(j)m〉 = (1/

√
2)
√
j +m|(j ′)m− 1

2〉
Q−|(j ′)m′〉 = (1/

√
2)
√
j ′ −m′ + 1|(j)m′ − 1

2〉

(3.4)

wherej ′ = j − 1/2. A more compact expression of (3.4) can be given in terms of Clebsch–
Gordan coefficients.

Summarizing, we have constructed a finite(4j + 1)D representation ofosp(1/2), denoted
by T j , which corresponds to the Casimir eigenvalueC = j (j + 1/2). Hereafter, we adopt the
following convention: ifj (j ′) belongs toZ+, the states|(j)m〉 (|(j ′)m′〉) will generateV0

while those corresponding to the half-odd positive integersj ′ = j − 1/2 (j = j ′ + 1/2) will
spanV1. In this wayV1 will always be considered as an even-dimensional space.

The matricesT j (X) for X ∈ osp(1/2) are easily constructed from (3.1) and (3.4).
Restricting ourselves to the casej ∈ Z+ (the other possibility gives analogous results) we
define the metricKj by

Kj = Gj ⊕ Jj (3.5)

where

Gj =
(

(−1)2j+1

. . .

(−1)

)
Jj =

(
(−1)2j

′+1

. . .

(−1)

)
. (3.6)

The matrixGj corresponds to a pseudo-orthogonal metric with signature(j + 1, j) andJj
determines a symplectic metric of dimension 2j . This means thatKj gives the metric for the
matrix superalgebraosp(j + 1, j/2j):

〈u|v〉 = ustKj v u, v ∈ R4j+1. (3.7)

Now we can state the following theorem.

Theorem 3.1.The irreducible representationT j of osp(1/2) constitutes a nontrivial matrix
subsuperalgebra ofosp(j + 1, j/2j), i.e. if X ∈ osp(1/2) and T j (X) stands for its
representative matrix defined through (3.1)–(3.4), then

T j (X)stKj + (−1)ε(X)KjT j (X) = 0 (3.8)

whereKj is given by (3.5) and (3.6),ε(X) is the grade ofX, and the index, st, means
supertranspose.
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The proof is a simple matter of checking expression (3.8) with the matricesT j (X) for all
X ∈ osp(1/2). The operators of this representation with respect to the product (3.7) are then
superantiHermitian ones, i.e.X+ = −(−1)ε(X)X.

In our notation, the fundamental matrix representation ofosp(1/2) is T 1/2. However, the
5D representationT 1 will be more suitable for our purposes. Indeed, the 3D even subspace
V0 of T 1 supports the natural representation ofso(2, 1), so we can use this ‘ambient space’
to describe the physical space-time events andso(2, 1) can be identified with the(1 + 1)-AdS
algebra. The odd sector supports the spinorial representation ofso(2, 1). Therefore, by using
this representation we are carrying, at the same time, the kinematical algebra and its fermionic
description by means of the symplectic representation. According to this interpretation,T 1

will be called the ‘natural’ representation of the(1 + 1)-AdS superalgebra. A basis of the
carrier spaceV of T 1 made up of{Ce, K}-eigenstates is

{|(1)1〉, |(1)0〉, |(1)− 1〉, |( 1
2)

1
2〉, |( 1

2)− 1
2〉}

so that the first three vectors generateV0, while the last ones,V1. In this basis, the
matrix representation ofosp(1/2) is immediately computed from (3.1) and (3.4) and, from
theorem 3.1, gives a nontrivial subsuperalgebra ofosp(2, 1/2).

Having in mind the kinematical interpretation ofso(2, 1) onV0, we shall diagonalize the
so(2, 1) metric matrixG1 of (3.6) to get

G = diag(1,−1, 1) ≡ (gµν) µ, ν = 0, 1, 2, (3.9)

which gives a new metricK for osp(2, 1/2) in the form

K =


1 0 0 ∗ ∗
0 −1 0 ∗ ∗
0 0 1 ∗ ∗
∗ ∗ ∗ 0 1
∗ ∗ ∗ −1 0

 . (3.10)

The symbol∗ stands for zero entries and is used in order to emphasize the box structure of
the matrices. Next, we introduce a more geometric basis forso(2, 1) with the new generators
Kµν = −Kνµ (µ, ν = 0, 1, 2) defined through

K0 = K01 K+ = −K21−K20 K− = K21−K20. (3.11)

The action of the generatorKµν on the spaceV0 endowed with the metric (3.9) can be
understood geometrically as a pseudo-rotation in theµν-plane. In this new basis, theosp(1/2)
commutation rules (2.1) read

[Kµν,Kρσ ] = gµρKνσ − gµσKνρ + gνσKµρ − gνρKµσ
[K01,Q±] = ± 1

2Q± [K20,Q±] = ∓ 1
2Q∓ [K21,Q±] = 1

2Q∓
{Q+,Q−} = K01 {Q−,Q−} = K21−K20 {Q+,Q+} = −K21−K20.

(3.12)

For the corresponding matrix representation ofT 1 we use the notation

Kµν =
(
Mµν 0

0 Sµν

)
Qa =

(
0 Ba
Ca 0

)
a = ± (3.13)

whereMµν stands for the 3×3 vector representation ofso(2, 1) acting onV0, whileSµν denotes
the 2×2 spinorial representation onV1. The matrix elements ofMµν can be given explicitly
with the help of the metric tensorgµν (3.9) as

(Mρσ )
µ
ν = −gµρ gσν + gµσ gρν. (3.14)
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The remaining submatricesSµν , Ba andCa can be written with the help ofγ -matrices.
Indeed, let us consider the set{γµ, µ = 0, 1, 2}, associated with the(1 + 1)-AdS space-time
characterized by

{γµ, γν} = 2gµν. (3.15)

A simple choice in terms of the Pauli matrices (σi , i = 1, 2, 3) is

γ0 = σ1 γ1 = iσ2 γ2 = −σ3. (3.16)

There exists also a ‘charge conjugation’ matrixC, satisfying

C̃ = −C C+C = CC+ = I Cγ̃µC
−1 = −γµ (3.17)

where the symbol̃ stands for the matrix transposition. For theγ given by (3.16), we can
chooseC = γ1, and the matrix set{C, γµ;µ = 0, 1, 2} constitutes a Majorana representation
with real matrices.

Thus, the matrixSµν in (3.13) is, as usual, given by

Sµν = −Sνµ = − 1
2γµγν µ 6= ν (3.18)

while the matrix components of the odd generatorsQa in (3.13) take the form

(Ba)
β
c = 1√

2
(Cγ β)ac (Ca)cα = 1√

2
(γ̃α)ac α, β = 0, 1, 2 a, c = ±. (3.19)

The commutation rules (3.12) forosp(1/2) can be rewritten in terms of theseγ -matrices.
In addition to the unchanged even commutators, we now have

[Kµν,Qa] = Qb(− 1
2γµγν)ba {Qa,Qb} = (− 1

2Cγ
µγ ν)abKµν (3.20)

with µ, ν = 0, 1, 2, anda, b = +,−.

3.2. Irreducible finite-dimensional osp(1/4) representations

First, let us recall that the even subspace ofosp(1/4) is the Lie algebraso(3, 2)whose roots are
{±e1,±e2,±e1±e2}, wheree1, e2 are the canonical cartesian vectors inR2 (the Cartan basis
elementsH1 andH2 are set at the origin). The simple roots areα1 = (1,−1) andα2 = (0, 1),
and the associated fundamental weightsλ1 = (1, 0) andλ2 = ( 1

2,
1
2) span the 5D and 4D

fundamental representations, respectively.
Two interesting realizations of these fundamental 4D and 5D representations are given

by the charges{Q++,Q+−,Q−+,Q−−}, and the antisymmetric products of charges generated
by Q++Q+− − Q+−Q++ ≡ Q++ ∧ Q+−, respectively. To show the statement for the latter
case, let us first note that the quadratic products of supercharges belong to the tensor product
(0, 1)⊗(0, 1) = (0, 2)⊕(1, 0)⊕(0, 0). In fact,Q++ ∧Q+− is the highest weight of the (1,0)
component:

[H,Q++∧Q+−] = (1, 0)Q++∧Q+− [Ei,Q++∧Q+−] = 0 i = 1, 2, . . . ,4.

The whole support space, that can be obtained by adding the antisymmetric products resulting
from the commutators

[
X,Q++ ∧Q+−

]
, whereX ∈ so(3, 2), is

〈Q++∧Q+−,Q++∧Q−+,Q+−∧Q−+ +Q+−∧Q−−,Q−+∧Q−−,Q+−∧Q−−〉. (3.21)

The remainingQ+−∧Q−+ − Q++∧Q−− spans the carrier space of the trivial representation
(0, 0). The diagrams for these fundamental representations, together with the (10D) adjoint
representation are depicted in figure 1.
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Figure 1. Diagrams for the 5D (grey circles) and 4D (black points) fundamental representations
and the trivial representation (open circle).

Any other finite-dimensional irreducible representation(l1, l2), with l1, l2 ∈ Z+, is
characterized by the highest weight(µ1, µ2) = l1λ1 + l2λ2. The basis vectors of these
irreducible representations are denoted by|(l1, l2)α, β〉, where

H|(l1, l2)α, β〉 = (α, β)|(l1, l2)α, β〉
for instance, the aforementioned highest weight vector is written as|(l1, l2)µ1, µ2〉. Although
the classification of finite-dimensional irreducible representations for the orthosymplectic
superalgebras is well known [15,16], in the following we discuss some aspects of their explicit
construction (the infinite-dimensional unitary representations are considered in [17, 18]).

In order to build a finite-dimensional irreducibleosp(1/4) representation, one starts from
one(l1, l2) so(3, 2) representation of highest weight(µ1, µ2), which will also be the highest
weight for the whole superalgebra, i.e. it is annihilated by the elements ofn+:

Q++|(l1, l2)µ1, µ2〉 = Q+−|(l1, l2)µ1, µ2〉 = 0 Ei |(l1, l2)µ1, µ2〉 = 0 (3.22)

with i = 1, . . . ,4. The support space for the superalgebra representation is spanned by the
action of the elements ofn− on the highest weight. The generators so obtained can be displayed
as follows:

(X)n|(l1, l2)µ1, µ2〉 (3.23)

(X)nQ−+|(l1, l2)µ1, µ2〉 (X)nQ−−|(l1, l2)µ1, µ2〉 (3.24)

(X)n(Q−+Q−− −Q−−Q−+)|(l1, l2)µ1, µ2〉 n ∈ Z+ (3.25)

whereX ∈ {Fi}4i=1. The first set of vectors (3.23) spans the originalso(3, 2) representation
(l1, l2), while those of (3.24) and (3.25) are inside the spaces(0, 1)⊗(l1, l2) and(1, 0)⊗(l1, l2),
respectively.

We shall consider two relevant cases for our purposes, any other can be dealt with in the
same way:

(i) (l1, l2) = (0, 1). In this case we start with the 4D fundamental representation. The
vectors inside the tensor product(0, 1)⊗(0, 1) = (0, 2)⊕(1, 0)⊕(0, 0) obtained by
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(3.24) actually constitute the 1D trivial representation(0, 0). Indeed, the highest weight
vectors for the other two subrepresentations are|(0, 2)1, 1〉 = Q++|(0, 1) 1

2,
1
2〉 and

|(1, 0)1, 0〉 = Q+−|(0, 1) 1
2,

1
2〉, respectively. But it is clear from (3.22), that both of

them must vanish.
The second subspace (3.25) of(1, 0)⊗(0, 1) = (1, 1)⊕(0, 1) is just the initial one,
(0, 1), because the(1, 1) highest weight|(1, 1) 3

2,
1
2〉 = (Q++ ∧ Q+−)|(0, 1) 1

2,
1
2〉 here,

is obviously null by using (3.22). Therefore, the 5D vector space for the superalgebra
representation isH = H(0,1) ⊕ H(0,0), which corresponds to the fundamental matrix
representation ofosp(1/4).

(ii) (l1, l2) = (1, 0). Now, the starting point will be the second fundamental 5D representation
(1, 0). The first subspace (3.23) is the originalH(1,0) itself, while the second one (3.24) is
included in(1, 0)⊗ (0, 1) = (1, 1)⊕ (0, 1). But the representation(1, 1) cannot appear
here for the same reasons as in (i). For the third subspace (3.25) we must take into account
the direct sum decomposition(1, 0) ⊗ (1, 0) = (2, 0) ⊕ (0, 2) ⊕ (0, 0). However, as
before, one can show that the only representation allowed here is(0, 0). Let us elucidate
this last point with the help of the Wigner–Eckart theorem. We can write the action, in
the notation explained above, as

Q++∧Q+−|(1, 0)1, 0〉 = α|(2, 0)2, 0〉 + β|(0, 2)2, 0〉 + γ |(0, 0)2, 0〉.
But the lhs vanishes (again by (3.22)) as well as the last two terms of the rhs. This implies
α = 0. In order to know more about the remaining terms, let us consider the action

Q++∧Q−+|(1, 0)1, 0〉 = β|(0, 2)1, 1〉 + γ |(0, 0)1, 1〉.
With the help of (3.22) and the commutation rules ofosp(1/4), we see that the lhs and
the last term of the rhs actually vanish, so that necessarilyβ = 0. Finally, we can define

Q−−∧Q−+|(1, 0)1, 0〉 ≡ |(0, 0)0, 0〉.
Thus, the 10D support space for the whole superalgebra representation is

H = (H(1,0) ⊕H(0,0))⊕ (H(0,1)) ≡ V0⊕ V1. (3.26)

The explicit form of the 10×10 matrices representing the basis elements ofosp(1/4) can
be obtained in a very straightforward way from the previous considerations. Nevertheless,
we afford the final expressions in a more covariant way by means of the metric tensor of
the (3 + 2)D real space underlyingso(3, 2), the symplectic metric of the spinor realization
sp(4, R) ≈ so(3, 2) and a set of 4×4 γ -matrices.

Let us start by changing theosp(1/4) Cartan basis of the previous section to another
one given by{Kαβ,Qa}, whereα, β = 0, 1, . . . ,4, anda = 1, . . . ,4, in a similar way as
discussed in theosp(1/2) case. The even elementsKαβ = −Kβα generate pseudo-rotations
in the(α, β)-plane ofR5 equipped with the metricgαβ = diag(1,−1,−1,−1, 1). The points
of this space will be denoted by

xα = (x0, x1, x2, x3, x4) ≡ (t,x, y) ≡ (xµ, y) ≡ (t, xi, y).
We frequently use the following convention in what follows: the indexesα, β for so(3, 2)
vectors run from 0 to 4; indexesµ, ν for Lorentzso(3, 1) four-vectors go from 0 to 3; indexes
i, j for pure Euclidean 3D space vectors takes values from 1 to 3; and finally, indexesa, b for
4D spinors run from 1 to 4.

Recall that forso(3, 2) we can define a set of matricesγα, α = 0, . . . ,4, verifying

{γα, γβ} = 2gαβ. (3.27)
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Again, we can find a charge conjugation matrixC satisfying

C̃ = −C CC+ = C+C = I (3.28)

which realizes the equivalence

CγαC−1 = γ̃α. (3.29)

In addition, it is possible to get a Majorana representation where all theγα are pure imaginary
matrices whileC is represented by a real matrix. For instance, we use the following explicit
Majorana realization

γ0 =
(

0 −σ2

−σ2 0

)
γ1 =

(−iσ3 0
0 −iσ3

)
γ2 =

(
0 σ2

−σ2 0

)
γ3 =

(
iσ1 0
0 iσ1

)
γ4 =

(−σ2 0
0 σ2

)
C =

(
0 1
−1 0

)
.

(3.30)

The commutation rules ofosp(1/4) can then be written as

[Kµν,Kρσ ] = gµρKνσ − gµσKνρ + gνσKµρ − gνρKµσ
[Kαβ,Qa] = Qb(Sαβ)ba {Qa,Qb} = (CSαβ)abKαβ (3.31)

where

Sαβ = − 1
4[γα, γβ ] (3.32)

and theγ may be taken in the above Majorana representation.
Now, the 10D matrix representation obtained before can be expressed in the form

Kαβ =
(
Mαβ 0 ∗

0 0 ∗
∗ ∗ Sαβ

)
Qa =

( ∗ ∗ Ua
∗ ∗ va
Ûa v̂a ∗

)
. (3.33)

The 5×5 matrixMαβ of so(3, 2) has elements in theδ-row and in theε-column given by
(Mαβ)

δ
ε = −gδαgβε + gδβgαε . The 4×4 matrix Sαβ is defined according to (3.32). The

rectangular 5×4 (4×5) matrix Ua (Ûa) have elements in theα-row, b-column (b-row, α-
column) determined by

(Ua)
α
b = λ(Cγ α)ab (Ûa)bα = λ̂(γ̃α)ab (3.34)

with λλ̂ = 1
2. Finally,va andv̂a are, respectively, 1×4 and 4×1 matrices taking the form

(va)b = `Cab (v̂a)b = ˆ̀δab (3.35)

with ` ˆ̀ = − 3
2. One can show, by direct checking, that the matrices (3.33) accomplish the

commutation rules (3.31). This representation has some properties that we comment upon the
following.

First, notice that the charge conjugationC can play the role of the symplectic metric, i.e.
S̃αβC + CSαβ = 0 according to (3.29). So, we can define a 10×10 supermetric matrix in the
form

K = (gαβ⊕1)⊕ (kC) ≡ G⊕ J (3.36)

wherek is a real parameter. By constructionK is invariant under the action of the representation
(3.33) for the even generatorsKαβ . Moreover, it is also invariant under the action of the odd
generators,Qa, if k, λ, λ̂, `, ˆ̀ are chosen properly. In fact, the equation to be satisfied by the
charges is

(Qa)
stK−KQa = 0. (3.37)
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Taking into account the form (3.33) ofQa, equation (3.37) is transformed in two decoupled
equations:

λCγα − λ̂kγ̃α C̃ = 0 `C − ˆ̀kC̃ = 0. (3.38)

Once we fixk = 1, a particular solution for the first equation isλ = −λ̂ = i√
2
, and for the

second equation we can take` = − ˆ̀ =
√

3
2. By means of this choice we get a real Majorana

representation for the whole superalgebraosp(1/4) which is realized as a subsuperalgebra of
osp(3, 3/4).

4. Contractions of the (1 + 1)-AdS superalgebra

Given a Lie superalgebra generated by{Xi} with super-commutators,

[Xi,Xj ]± =
∑
k

ckijXk (4.1)

(+ stands for the anticommutators and− for the commutators) we can define a contraction by
introducing a new ‘rescaled’ basis with the help of the contraction parametersεi , {X′i = εiXi},
so that the new generators obey

[X′i , X
′
j ]± =

∑
k

εiεj ε
−1
k c

k
ijX
′
k. (4.2)

In the singular limit, when some of theεi go to 0, the new super-commutators may have a well
defined limit originating a contracted Lie superalgebra.

An important fact is that the contraction procedure is not basis free, and according to the
pursued contracted algebra one must find a suitable basis. A systematic approach choosing
bases compatible with superalgebra gradings was realized by de Montignyet al [3, 19]. For
our purposes, first we select the basis by physical or geometric considerations, which will also
afford the grading relevant in the process. Secondly, we will restrict ourselves to ‘continuous
contractions’.

In the same way we can define the contraction of matrix representations of a given
superalgebra. Let{Mi} be the matrices representing the above superalgebra generators. We
can define, by means of a nonsingular even matrixSε depending on the parameters{εi}, the
family of matrices

Mi(ε) = εiS−1
ε MiSε. (4.3)

In the context of this paper, the initial matrices{Mi} belong to an orthosymplectic superalgebra
satisfying the equation

Mst
i K + (−1)degMiKMi = 0 (4.4)

where the indexst stands for the supertransposition, andK is the metric. The redefined
matricesMi(ε) will verify

Mi(ε)
stKε + (−1)degMi(ε)KεMi(ε) = 0 (4.5)

where

Kε = εKSstε KSε (4.6)

and εK is an additional normalization factor depending on the contraction parameters. If
in the limit εi → 0 the set{Mi(ε),Kε} is well defined, we get a contraction of the matrix
representation superalgebra. However, the resulting matrices may not have an orthosymplectic
character since the metric matrixKε could become degenerate after taking the limit. The
auxiliary contraction matrixSε , that can also be dealt with using the help of the grading
formalism of representations [19], is called the grading matrix. In our case it is determined by
appealing to physical considerations.
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4.1. The Poincaŕe superalgebra as contraction of the AdS superalgebra

In order to obtain the Poincaré superalgebra as a contraction of the AdS one, it is necessary to
implement, to the odd sector, the well known contraction procedure of the even (Lie) sector
(see, for instance, [20,21]). This is a nontrivial procedure as we see below.

4.1.1. Reflection grading of AdS superalgebra.The contraction from the (anti) de Sitter to
the Poincaŕe Lie algebra is, from a geometric point of view, a contraction around a point. In
other words, the Minkowski space-time can be seen as a small neighbourhood of a point in the
AdS space-time (for more details see [22]). The grading is supplied by an involution in the
AdS algebra generated by a reflection leaving such a point invariant. In the following, we must
implement this involution of the even sector to the whole superalgebra. The automorphism so
obtained provides aZ4 grading on the superalgebra as we see below.

Let us settle the problem recalling some properties of the Lie algebras involved here.
The generators ofso(2, 1) act naturally on the ambient spaceR3, whose points are denoted
by (t, x, y) ≡ (x0, x1, x2), endowed with a certain metricgµν of signature(2, 1). The
metric is specified taking into account that a contraction fromso(2, 1) to (1 + 1) Poincaŕe
gives rise to a flat Minkowski surface inside the ambient space parametrized by the first two
coordinates(t, x) ≡ (x0, x1). This means that for these two coordinates the metric tensor will
be(gij ) = diag(1,−1); therefore, the last (diagonal) component ofgµν must still be fixed. In
this respect,we have the following options:

(a) (gµν) = diag(1,−1, 1) andso(2, 1) can be interpreted as the AdS algebra.

(b) (gµν) = diag(1,−1,−1) and we have, in fact,so(2, 1) as the de Sitter algebra.

As we mentioned before, both de Sitter algebras are isomorphic but their geometric and
physical properties are quite different as is the case, for example, of their behaviour under
contractions.

We shall consider a reflectionRy around the third axis of a cartesian coordinate system of
the AdS ambient space:

Ry : (t, x, y)→ (−t,−x, y). (4.7)

This reflection spans an involution,5y , on the even generators of pseudo-rotations

5y : (K01,K20,K21)→ (K01,−K20,−K21). (4.8)

The action of5y on the chargesQa can be implemented taking into account that, according
to (3.20), they support the spinorial representation ofso(2, 1). Thus,5y must be represented
by γ2 given by (3.16) up to a factor:

5y : (Q+,Q−)→ (λQ+,−λQ−). (4.9)

The consistency with the anticommutators (3.20) fixesλ = ±i.
We see that the grading ofosp(1/2), corresponding to the reflectionRy , essentially

determined by the eigenvalues of5y , isZ4, notZ2, as one would expect from the even sector.
ThisZ4 grading is particularly simple, since it is also compatible with that derived from the
Cartan basis (2.1). Similar considerations can be developed for the other reflections:Rt and
Rx . However, it is worth pointing out that, although the restrictions to the even sector commute,
the corresponding implementations5t,5x and5y onosp(1/2) are no longer commutative.
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4.1.2. The (1 + 1)-Poincaŕe superalgebra (i). According to the grading originated byRy the
assignment of the contraction parameters is (K0 generates the invariant subalgebra)

(K0,K±,Q±)→ (K0, εK±, ε±Q±). (4.10)

We take a nontrivial option by choosingε± = √ε, so that in the limitε → 0 we get the
Poincaŕe superalgebra given by

[K01,K±] = ±K± [K+,K−] = 0
[K01,Q±] = ± 1

2Q± [K±,Q±] = 0

{Q+,Q−} = 0 {Q±,Q±} = K± [K±,Q∓] = 0.

(4.11)

Note that the only even generator keeping its spinorial character isK01.
Finally, we express the commutation rules (4.11) using gamma matrices in the more

physical basis (see expressions (3.12)–(3.20))

[K01,K20] = K21 [K01,K21] = K20 [K21,K20] = 0
[K01,Qa] = Qb(− 1

2γ0γ1)ba [K2i ,Qa] = 0
{Qa,Qb} = (− 1

2Cγ
2γ i)abK2i i = 0, 1.

(4.12)

4.1.3. The natural representation of the Poincaré superalgebra. In order to find the
auxiliary contraction matrixSε , it is convenient to know how the Minkowski space is obtained
starting from the ambient space. Thus, let us change the AdS metric in the ambient space
(gµν = diag(1,−1, 1)) in the following way

gµν(k) = diag(k2,−k2, 1) k ∈ R (4.13)

so that the corresponding AdS homogeneous spaces are characterized by

k2x2 − k2t2 + y2 = constant. (4.14)

Then, after applying the limitk → 0, the above surface turns into the(1 + 1) Minkowski
space-time

y2 = constant. (4.15)

At the same time, in the whole 3D ambient space, the metric (4.13) comes into the degenerate
metricgµν(0) = diag(0, 0, 1). However, in each surfacey2 = constant, it is defined a surviving
nondegenerate metric(gij ) = diag(1,−1), (i, j = 0, 1). With respect to the odd sector we
require that along this contraction process some generators, i.e.,K01, preserve their spinorial
behaviour. So, we propose changing the global metric (3.10) to the form

Kε =


−k2 0 0 ∗ ∗

0 k2 0 ∗ ∗
0 0 1 ∗ ∗
∗ ∗ ∗ 0 η2

∗ ∗ ∗ −η2 0

 (4.16)

where the parametersk andη depend onε in a way determined later. This allows us to choose
the auxiliary contraction matrix of the vector spaceV = V0⊕ V1 in the form

Sk = diag(k, k,1, η, η). (4.17)

Therefore, the generators in the natural representation (3.13) transform as

K ′01 = S−1
ε K01Sε K ′02 = εS−1

ε K02Sε

K ′12 = εS−1
ε K12Sε Q′± =

√
εS−1

ε Q±Sε.
(4.18)
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A nontrivial limit whenε → 0 is obtained for the values

k = ε η = √ε. (4.19)

The contracted generator matrices are

K01 ≡ K =


0 1 0 ∗ ∗
1 0 0 ∗ ∗
0 0 0 ∗ ∗
∗ ∗ ∗ 1/2 0
∗ ∗ ∗ 0 −1/2

 K20 ≡ H =


0 0 1 ∗ ∗
0 0 0 ∗ ∗
0 0 0 ∗ ∗
∗ ∗ ∗ 0 0
∗ ∗ ∗ 0 0



K21 ≡ P =


0 0 0 ∗ ∗
0 0 1 ∗ ∗
0 0 0 ∗ ∗
∗ ∗ ∗ 0 0
∗ ∗ ∗ 0 0



Q+ =
√

2

2


∗ ∗ ∗ 1 0
∗ ∗ ∗ 1 0
∗ ∗ ∗ 0 0
0 0 −1 ∗ ∗
0 0 0 ∗ ∗

 Q− =
√

2

2


∗ ∗ ∗ 0 −1
∗ ∗ ∗ 0 1
∗ ∗ ∗ 0 0
0 0 0 ∗ ∗
0 0 1 ∗ ∗

 .

(4.20)

The resulting charges can be expressed in terms of the gamma matrices as

Qa =
(

0 Ba
Ca 0

)
a = ± (4.21)

where

(Ba)
β
c =


1√
2
(Cγ i)ac β = i

0 β = 2
(Ca)cα =


0 β = i
1√
2
(γ̃2)ac β = 2.

(4.22)

It is interesting to note that the expressions (4.22) for the contracted chargesQa can be obtained
directly from (3.19) by making, in agreement to the metric changegµν = (1,−1, 1) →
gµν(k) = (k2,−k2, 1), the replacements

γi → kγi γ i → 1

k
γ i γ2→ γ2 C → kC i = 0, 1 (4.23)

and, afterwards, performing the limitk→ 0.

4.1.4. The (1 + 1) Poincaŕe superalgebra (ii). There are more solutions to the contraction
of the (1 + 1)-AdS superalgebra corresponding to theZ4 grading. We briefly mention the
following nontrivial and nonsymmetric case by means of the assignment

(K0,K±,Q+,Q−)→ (K0, εK±, ε1/2Q+, ε
3/2Q−). (4.24)

Performing the limitε → 0, we arrive at a second Poincaré superalgebra

[K0,K±] = ±K± [K+,K−] = 0
[K0,Q±] = ± 1

2Q± [K±,Q±] = [K+,Q−] = 0 [K−,Q+] = K+

{Q+,Q−} = {Q−,Q−} = 0 {Q+,Q+} = K+.

(4.25)

In the physical basis this is

[K,P ] = H [K,H ] = P [P,H ] = 0
[K,Q±] = ± 1

2Q± [P,Q+] = −[H,Q+] = 1
2Q− [P,Q−] = [H,Q−] = 0

{Q+,Q−} = {Q−,Q−} = 0 {Q+,Q+} = −P −H.
(4.26)
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4.2. Galilei superalgebras as contractions of a Poincaré superalgebra

Now, we present the contraction procedure from the Poincaré (i) to the Galilei superalgebra.
Although Poincaŕe (ii) superalgebra is a perfectly well defined superalgebra we do not consider
it for contraction, because we are interested in obtaining the most common superalgebras in
physics. However, the reader can easily obtain the contracted superalgebra of the Poincaré (ii)
superalgebra following the same procedure that we are going to describe in this section.

The contraction from Poincaré (i) to the Galilei superalgebra shares, with the previous case,
a similar development. For the even part this is a line-like contraction, i.e. from the geometric
point of view the Galilei space-time corresponds to a neighbourhood of the Minkowski space
along the temporal-axis [22]. As for Poincaré, we see in the following, that we can find more
than one Galilei superalgebra. In other words, once the contraction of the even part is fixed, it
does not lead to a unique contraction of the odd sector.

4.2.1. Grading of the Poincaré superalgebra. At the level of Lie algebras, choosing
{K,H,P } as the Poincaré basis, the contraction to Galilei is fulfilled by using the inversion
5t

5t : (H, P,K)→ (H,−P,−K) (4.27)

associated to a spatial inversionRt in the Minkowski space

Rt : (t, x)→ (t,−x). (4.28)

Since the only generator of the previous ones which acts nontrivially on the charge space isK

(see (4.12)), we have, in principle, two basic options to implement5t on the odd sector:

(a) 5t = αγ0γ2 (b) 5t = αγ0 α ∈ C. (4.29)

(a) As for the first possibility, the supercharge eigenvectors of5t (αγ0γ2Q
′ = λQ′) are

Q′1 =
1√
2
(Q+ + iQ−) (λ1 = +iα)

Q′2 =
1√
2
(Q+ − iQ−) (λ2 = −iα).

(4.30)

In this new basis{Q′1,Q′2}, the commutation rules for the Poincaré superalgebra (4.12) are

[K,P ] = H [K,H ] = P [P,H ] = 0
[K,Q′1] = 1

2Q
′
2 [K,Q′2] = 1

2Q
′
1 [H,Q′1,2] = [P,Q′1,2] = 0

{Q′1,Q′1} = {Q′2,Q′2} = −P {Q′1,Q′2} = −H.
(4.31)

The commutators (4.31) compel us to chooseα = ±1 and here we takeα = 1. This means that
the relevant grading is given byZ4. If we use the physical basis (4.11) for the commutation
rules with the new charges{Q′1,Q′2} it is necessary to replace the set of matrices{γµ, C} by
{γ ′µ = 6−1γµ6,C

′ = 6̃C6}, where6 is the matrix of the basis changeQ′a = Qb6ba.
Explicitly, we have

γ ′0 = σ2 γ ′1 = iσ3 γ ′2 = −σ1 C ′ = −γ ′1 = σ2. (4.32)

TheZ4 grading allows us to choose the following rescaled basis (we drop out the prime
of the charge generators since they will be used accordingly henceforth) leading to a nontrivial
contraction:

(H, P,K,Q1,Q2)→ (H, εP, εK,
√
εQ1,

√
εQ2). (4.33)
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(b) The second option gives the supercharge eigenvectors of5t :

Q′1 =
1√
2
(Q+ +Q−) (λ1 = +α) Q′2 =

1√
2
(Q+ −Q−) (λ2 = −α). (4.34)

The commutation rules for this new basis are
[K,Q′1] = 1

2Q
′
2 [K,Q′2] = 1

2Q
′
1 [H,Q′1,2] = [P,Q′1,2] = 0

{Q′1,Q′1} = {Q′2,Q′2} = −H {Q′1,Q′2} = −P.
(4.35)

This implies that the eigenvalues (4.34) are real andα = ±1. So, the grading associated with
the involution5t isZ2. For instance, one particular realization of5t on the supercharge sector
whenα = 1 is:

5t : (Q′1,Q
′
2)→ (Q′1,−Q′2). (4.36)

In this new basis{Q′1,Q′2}, the corresponding set of matrices{γµ, C} remain in the Majorana
representation and are given by

γ ′0 = σ3 γ ′1 = −iσ2 γ ′2 = −σ1 C ′ = −γ ′1 = iσ2. (4.37)

TheZ2 grading leads to the following ‘natural’ contracting parameters (dropping the prime
on the charge generators)

(H, P,K,Q1,Q2)→ (H, εP, εK,Q1, εQ2). (4.38)

4.2.2. The Galilei superalgebra (i).We begin by the contraction obtained after specialization
of the contraction parameters (4.33) corresponding to theZ4 grading. In the limitε → 0 the
supercommutators read

[K,H ] = P [K,P ] = 0 [H,P ] = 0 [K,Qa] = 0
{Qa,Qa} = 0 {Qa,Qb} = (−Cγ 2γ 1)abP .

(4.39)

On the other hand, the natural matrix realization of the above superalgebra can be derived
from that of Poincaŕe (4.20) using the auxiliary contraction matrix

Sε = diag(1, ε,1,
√
ε,
√
ε). (4.40)

The effect of (4.40) on the Minkowski space-time metricgij is to change it into a deformed
metricgij (ε),

gij = diag(1,−1)→ gij (ε) = diag(1,−ε2) (4.41)

which in the limit ε → 0 provides the corresponding one for the Galilei space-time
gij (0) = diag(1, 0). Making use of (4.40) and (4.33) in the matrix contraction (4.3), we
find

K =


0 0 0 ∗ ∗
1 0 0 ∗ ∗
0 0 0 ∗ ∗
∗ ∗ ∗ 0 0
∗ ∗ ∗ 0 0

 H =


0 0 1 ∗ ∗
0 0 0 ∗ ∗
0 0 0 ∗ ∗
∗ ∗ ∗ 0 0
∗ ∗ ∗ 0 0



P =


0 0 0 ∗ ∗
0 0 1 ∗ ∗
0 0 0 ∗ ∗
∗ ∗ ∗ 0 0
∗ ∗ ∗ 0 0



Q1 =
√

2

4


∗ ∗ ∗ 0 0
∗ ∗ ∗ 1 i

∗ ∗ ∗ 0 0
0 0 −1 ∗ ∗
0 0 i ∗ ∗

 Q2 =
√

2

4


∗ ∗ ∗ 0 0
∗ ∗ ∗ 1 −i
∗ ∗ ∗ 0 0
0 0 −1 ∗ ∗
0 0 −i ∗ ∗

 .

(4.42)
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The same results for the matrix realization of the supercharges can easily be obtained from
those of super Poincaré (4.22) by using, in agreement with the metric contraction (4.41), the
rescaling recipe:

γ1→ εγ1 γ 1→ ε−1γ 1 γµ→ γµ (µ 6= 1) C → εC (4.43)

and then taking the limitε → 0.

4.2.3. The Galilei superalgebra (ii).The second way to obtain a Galilei superalgebra comes
from the option (4.38) for the contracting parameters, which is related to aZ2 grading. Now,
the Galilei supercommutators are

[K,H ] = P [K,P ] = 0 [H,P ] = 0 [K,Q1] = 1
2Q2

{Q1,Q1} = H {Q2,Q2} = 0 {Q1,Q2} = P.
(4.44)

A (3 + 1)D extended version of this algebra has been considered in some nonrelativistic
supersymmetric field models [23]. The natural matrix representation is obtained with the help
of the auxiliary contraction matrix

Sε = diag(1, ε,1, 1, ε). (4.45)

The final resulting matrices for{K,P,H,Q1,Q2} are

K =


0 0 0 ∗ ∗
1 0 0 ∗ ∗
0 0 0 ∗ ∗
∗ ∗ ∗ 0 0
∗ ∗ ∗ 1

2 0

 H =


0 0 1 ∗ ∗
0 0 0 ∗ ∗
0 0 0 ∗ ∗
∗ ∗ ∗ 0 0
∗ ∗ ∗ 0 0



P =


0 0 0 ∗ ∗
0 0 1 ∗ ∗
0 0 0 ∗ ∗
∗ ∗ ∗ 0 0
∗ ∗ ∗ 0 0



Q1 =
√

2

4


∗ ∗ ∗ 1 0
∗ ∗ ∗ 0 1
∗ ∗ ∗ 0 0
0 0 −1 ∗ ∗
0 0 0 ∗ ∗

 Q2 =
√

2

4


∗ ∗ ∗ 0 0
∗ ∗ ∗ 1 0
∗ ∗ ∗ 0 0
0 0 0 ∗ ∗
0 0 −1 ∗ ∗

 .

(4.46)

It is interesting to note, that both the commutation rules and the natural realization of this
Galilei superalgebra can be obtained directly with the changes

C →
(−1 0

0 ε2

)
γ1→

(
0 −ε2

1 0

)
γ 1→

(
0 −1
ε−2 0

)
(4.47)

(the otherγ -matrices remain unchanged) and taking the limitε → 0. In fact (4.47) gives
another inequivalent realization of the gamma matrices (besides (4.43)) corresponding to the
contraction metric (4.41).

4.3. General standard contraction pattern

As can be seen from the development of the previous sections, one cannot give general formulae
for all the contractions ofosp(1/2) originating from commuting involutions of the even sector.
The problem of achieving such a general setting is twofold: (i) the implementation of the
involutions to the whole superalgebra is not unique, (ii) these implementations do not commute
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anymore. Therefore, one cannot find a fixed basis to carry out all the contractions in the cases
presented here. In fact, it is necessary to change the basis in each contraction step in order to
derive all the solutions.

Despite these troubles, we can get a partial answer to our proposal if we restrict ourselves
to a class of contractions that will be referred to as the ‘standard’ contractions. They allow a
common basis for all the contraction steps and are essentially determined by the involutions
of the even sector.

Let us start with the supermetricK1 of the natural realization ofosp(1/2) given by (3.10).
As we saw before, one way to view the contractions is as a deformation of this initial metric
by means of some coefficients that, for our purposes, are chosen as follows

K1(ε) =


ε2

1 0 0 ∗ ∗
0 −ε2

1ε
2
2 0 ∗ ∗

0 0 1 ∗ ∗
∗ ∗ ∗ 0 ε1ε2

∗ ∗ ∗ −ε1ε2 0

 . (4.48)

The corresponding auxiliary contraction matrix is given by

S(ε) = diag(ε1, ε1ε2, 1,
√
ε1ε2,
√
ε1ε2). (4.49)

Due to the change of metric, theosp(1/2) generators (3.12) are also affected by the involved
contraction coefficients in the following way

K ′01 = ε2K01 K ′20 = ε1K20 K ′21 = ε1ε2K21 Q′± =
√
ε1ε2Q±. (4.50)

Now, the initial super commutators (3.20) become

[K ′01,K
′
20] = K ′21 [K ′01,K

′
21] = ε2

2K
′
20 [K ′20,K

′
21] = ε2

1K
′
01

[K ′20,Q
′
a] = ε1Q

′
b(− 1

2γ2γ0)ba

[K ′21,Q
′
a] = ε1ε2Q

′
b(− 1

2γ2γ1)ba

[K ′01,Q
′
a] = ε2Q

′
b(− 1

2γ0γ1)ba

{Q′a,Q′b} = ε1(− 1
2Cγ

0γ 1)abK
′
01 + ε2(− 1

2Cγ
2γ 0)abK

′
20 + (− 1

2Cγ
2γ 1)abK

′
21.

(4.51)

The corresponding natural matrix realization of the superalgebra generators take the form

K ′01 =


0 ε2

2 0 ∗
1 0 0 ∗
0 0 0 ∗
∗ ∗ ∗ ε2S01

 K ′20 =


0 0 1 ∗
0 0 0 ∗
−ε2

1 0 0 ∗
∗ ∗ ∗ ε1S20


K ′21 =


0 0 0 ∗
0 0 1 ∗
0 ε2

1ε
2
2 0 ∗

∗ ∗ ∗ ε1ε2S21

 Q′a =
(

0 B ′a
C ′a 0

)
a = ±

(4.52)

where the submatricesSµν were defined in (3.18), and

(B ′a)
0
c = ε2

1√
2
(Cγ 0)ac (B ′a)

1
c = 1√

2
(Cγ 1)ac (B ′a)

2
c = ε1ε2

1√
2
(Cγ 2)ac

(C ′a)c0 = ε1
1√
2
(γ̃0)ac (C ′a)c1 = ε1ε2

1√
2
(γ̃1)ac (C ′a)c2 = ε1

1√
2
(γ̃2)ac.

(4.53)

The above expressions for the supercharges can be somewhat simplified by writing them as

(B ′a)
β
c = 1√

2
(C ′γ ′β)ac (C ′a)cα =

1√
2
(γ̃ ′α)ac (4.54)
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where the new gamma and charge conjugation matrices are normalized according to the metric
change (4.48),

γ ′0 = ε1γ0 γ ′1 = ε1ε2γ0 γ ′2 = γ2

γ ′0 = 1

ε1
γ 0 γ ′1 = 1

ε1ε2
γ 1 C ′ = ε1ε2C.

(4.55)

Although some of the limits whenεi → 0 of the expressions (4.55) are not well defined, the
above terms appear conveniently mixed in the natural realization (4.54) avoiding any divergence
problem.

As far as the deformed metric does not change any sign of the initial metric signature (i.e.,
providedεi > 0) we have well defined superalgebras even in the limitεi → 0. For instance,
we can first considerε1 → 0, ε2 → 1 to get the(1 + 1) Poincaŕe (i) superalgebra, and after
takeε2 → 0 to end with Galilei (i). But we can also begin withε1 → 1, ε2 → 0 to find a
(1 + 1) Newton–Hooke superalgebra to arrive at Galilei (i) following a different route.

However, changing the sign of the initial metric means that someεi become pure imaginary
complex numbers, and consequently our final superalgebra has complex structure constants.
If one wants to get real superalgebras associated with a different signature it is necessary to
start from the corresponding Majorana representation that in some cases, depending on the
dimension, must be doubled.

5. Contractions of the (3 + 1)-AdS superalgebra

We now address the contraction ofosp(1/4) identified as the(3+1)-AdS superalgebra. As was
discussed for the case of(1 + 1) dimensions, in the contraction to Poincaré, we must examine
the grading corresponding to the reflection around they-axis,Ry . This is implemented here
in the odd sector byγ4 up to a factor. Hence, the odd sector basis adequate for the contraction
process is composed of eigenvectors ofγ4, that is, by choosing a sort of ‘chiral’ representation
for theγα matrices.

On the other hand, we are restricted to a Majorana representation in order to get real
structure constants. However, both conditions cannot be fulfilled at the same time in(3 + 1)
dimensions, so, if we want to keep the reality condition, then we are just led to the class of
‘standard’ contractions defined in the previous section. The other possibility, that will not
be discussed here, is to double the dimension of the odd sector. We shall also afford, in the
last section, a nonstandard (complex) contraction for a chiral representation since we find it
instructive.

The same problem of incompatibility of grading and reality appears when one tries to get
the Galilei superalgebra from the Poincaré one. Therefore, we display in the next section, the
general form of the standard contractions that include these two important superalgebras (here,
we do not give more general and compact formulae for all standard contractions, since it is out
of our present scope). Later we comment on particular details concerning the Poincaré and
Galilei superalgebras.
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5.1. Standard contractions

Here we translate the results of the standard contractions for the(1 + 1) dimensions with some
slight and direct changes. The initial metric is given by the 10×10 matrix

K =


1 0 0 ∗ ∗
0 −I3 0 ∗ ∗
0 0 1 ∗ ∗
∗ ∗ ∗ 1 ∗
∗ ∗ ∗ ∗ C

 (5.1)

whereI3 stands for the 3D unit matrix andC is the charge in the Majorana representation. The
modified metric has the form

K(ε) =


ε2

1 0 0 ∗ ∗
0 −ε2

1ε
2
2I3 0 ∗ ∗

0 0 1 ∗ ∗
∗ ∗ ∗ τ 2 ∗
∗ ∗ ∗ ∗ ε1ε2C

 (5.2)

corresponding to the grading matrix

S(ε) =


ε1 0 0 ∗ ∗
0 ε1ε2I3 0 ∗ ∗
0 0 1 ∗ ∗
∗ ∗ ∗ τ ∗
∗ ∗ ∗ ∗ √ε1ε2I4

 (5.3)

whereτ is anε-dependent parameter not specified yet. The generators are affected by the
coefficientsε1, ε2 in the following way:

K ′0i = ε2K0i K ′40 = ε1K40 K ′ij = Kij K ′4i = ε1ε2K4i Q′a =
√
ε1ε2Qa.

Thus, according to these changes, the initial super commutators (3.31) come into

[K ′0i , K
′
40] = K ′4i [K ′0i , K

′
4i ] = ε2

2K
′
40 [K ′0i , K

′
0j ] = ε2

2K
′
ij [K ′0i , K

′
ij ] = K ′0j

[K ′40,K
′
4i ] = ε2

1K
′
0i [K ′4i , K

′
ij ] = K ′4j [K ′ij , K

′
jk] = K ′ik

[K ′40,Q
′
a] = ε1Q

′
b(− 1

2γ4γ0)ba [K ′4i ,Q
′
a] = ε1ε2Q

′
b(− 1

2γ4γi)ba

[K ′0i ,Q
′
a] = ε2Q

′
b(− 1

2γ0γi)ba [K ′ij ,Q
′
a] = Q′b(− 1

2γiγj )ba

{Q′a,Q′b} = ε1(− 1
2Cγ

0γ i)abK
′
0i + ε2(− 1

2Cγ
4γ 0)abK

′
40 + (− 1

2Cγ
4γ i)abK

′
4i

+ε1ε2(− 1
2Cγ

iγ j )abK
′
ij .

(5.4)

The natural 10× 10 matrix realizations corresponding to the above family of superalgebras
for the even generators take the form

K ′0i =


0 ε2

2ei 0 ∗ ∗
eti 0 0 ∗ ∗
0 0 0 ∗ ∗
∗ ∗ ∗ 0 ∗
∗ ∗ ∗ ∗ ε2S01

 K ′ij =


0 ∗ ∗ ∗ ∗
∗ Jij ∗ ∗ ∗
∗ ∗ 0 ∗ ∗
∗ ∗ ∗ 0 ∗
∗ ∗ ∗ ∗ Sij



K ′40 =


0 0 1 ∗ ∗
0 0 0 ∗ ∗
−ε2

1 0 0 ∗ ∗
∗ ∗ ∗ 0 ∗
∗ ∗ ∗ ∗ ε1S40

 K ′4i =


0 0 0 ∗ ∗
0 0 eti ∗ ∗
0 ε2

1ε
2
2ei 0 ∗ ∗

∗ ∗ ∗ 0 ∗
∗ ∗ ∗ ∗ ε1ε2S4i

 .
(5.5)
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Here, ei denotes theith row vector of the canonicalR3 basis, andJij the so(3) matrix
generators. The odd sector is represented by

Q′a =
 ∗ ∗ U ′a
∗ ∗ v′a
Û ′a v̂′a ∗

 a = 1, . . . ,4 (5.6)

where

(U ′a)
α
b = λ(C′γ ′α)ab (Û ′a)bα = λ̂(γ̃ ′α)ab (va)

′
b = `′C′ab (v̂a)

′
b = ˆ̀′δab (5.7)

with λλ̂ = 1
2, `′ ˆ̀′ = − 3

2.
The new gamma and charge matrices are rescaled having in mind the metric change,

γ ′0 = ε1γ0 γ ′i = ε1ε2γi γ ′4 = γ4

γ ′0 = 1

ε1
γ 0 γ ′i = 1

ε1ε2
γ i C ′ = ε1ε2C.

(5.8)

After substituting (5.8) in (5.7) we get well behaved expressions, even in the limitεi → 0.

5.2. (3 + 1)-Poincaŕe superalgebra as contraction from the AdS superalgebra

Taking the limitε1→ 0 andε2→ 1 in (5.4) we have the Poincaré superalgebra commutation
rules (we omit the primes in the generators of the contracted superalgebra)

[Kµν,Kρσ ] = gνσKµρ + gµρKνσ − gµσKνρ − gνρKµσ
[Kµν, Pρ ] = gµρPν − gνρPµ
[Kµν,Qa] = Qb(− 1

2γµγν)ba µ 6= ν
[Pµ,Qa] = 0

{Qa,Qb} = (Ĉγ µ)abPµ

(5.9)

where we have adopted the usual conventionPµ ≡ K4µ for the translation generators of
Poincaŕe, and we have redefined the charge conjugation asĈ ≡ γ4C.

In order to get a better understanding of the natural representation for this superalgebra
we begin with the contraction of the supercharges. The general expression forQa was given
in (5.6). After contraction it becomes

(Ua)
β
c =


1√
2
(Cγ µ)ac β = µ

0 β = 4
(Ûa)cα =


0 α = µ
1√
2
(γ̃4)ac α = 4.

(5.10)

For the rowva and columnv̂a there are two basic options depending on the entryτ of the
grading matrix:

(i) If τ = √ε1 it leads us to

va = v̂a = 0. (5.11)

(ii) If we chooseτ = 1 or τ = ε1, we get

va = 0 (v̂a)b = ˆ̀δab or (va)b = `Cab v̂a = 0. (5.12)

Case (i) gives a matrix representation of the whole Poincaré superalgebra which is a direct
sum of an irreducible nontrivial 9D representation plus the trivial 1D representation. Case
(ii) gives rise to a 10D reducible triangular representation (not completely reducible) that
includes (going to the quotient) the previous one. Hereafter, we shall restrict ourselves to the
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more elementary 9D irreducible representation that will be referred to as the ‘natural’ super
Poincaŕe representation. Thus, the odd generators are represented by the 9D matrices

Qa =
( ∗ Ua
Ûa ∗

)
a = 1, . . . ,4 (5.13)

with Ua, Ûa defined by (5.10). Finally, the even generators are schematically represented as

Kµν =
(
Mµν ∗ ∗
∗ 0 ∗
∗ ∗ Sµν

)
Pµ =

( 0 etµ ∗
0 0 ∗
∗ ∗ 0

)
(5.14)

whereMµν corresponds to the defining 4D matrix representation of the Lorentz algebra
so(3, 1), etµ is a 4D column vector, andSµν denotes theso(3, 1)-spinorial representation.
Let us mention that by means of an equivalence we can get rid ofγ4 in (5.10) without affecting
(5.14):

(Ua)
β
c =


−1√

2
(Ĉγ µ)ac β = µ

0 β = 4
(Ûa)cα =


0 α = µ
1√
2
δac α = 4

(5.15)

whereĈ is the same Poincaré charge conjugation that appears in the commutation rules (5.9).
This is actually the matrix form presented in Cornwell’s book [24].

5.3. (3 + 1)-Galilei and Newton–Hooke superalgebras

The Galilei superalgebra can be obtained through the contractionε1 → 0, ε2 → 0. The
standard Galilei generators are taken as follows:Ji ≡ εijkJjk (εijk is the totally skewsymmetric
rank-three tensor),Ki ≡ K0i , H ≡ K40, Pi ≡ K4i . This superalgebra is characterized by the
supercommutators

[J,J ] = −J [J,P ] = −P [J,K] = −K
[K, H ] = P [Ki, Pj ] = [Pi,H ] = 0 i, j = 1, 2, 3

[H,Qa] = [P ,Qa] = 0 [J,Qa] = Qb(S)ba

{Qa,Qb} = (Ĉγ i)abPi

(5.16)

where [A,B] = C stands for [Ai, Bj ] = εijkCk (i, j, k = 1, 2, 3), [A, B] = C for
[Ai, B] = Ci (i = 1, 2, 3), andSi = εijkSjk are the spinor matrices. The natural representation
for the even generators is

Ki =


0 0 0 ∗
ei 0 0 ∗
0 0 0 ∗
∗ ∗ ∗ 0

 Ji =


0 ∗ ∗ ∗
∗ Ji ∗ ∗
∗ ∗ 0 ∗
∗ ∗ ∗ Si



H =


0 0 1 ∗
0 0 0 ∗
0 0 0 ∗
∗ ∗ ∗ 0

 Pi =


0 0 0 ∗
0 0 ei ∗
0 0 0 ∗
∗ ∗ ∗ 0


(5.17)

and the charges

Qa =
( ∗ Ua
Ûa ∗

)
a = 1, . . . ,4 (5.18)

are given in terms of the submatrices

(Ua)
β
c =


−1√

2
(Ĉγ i)ac β = i

0 β = 0, 4
(Ûa)cα =


0 α = µ
1√
2
δac α = 4.

(5.19)
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The (oscillating) Newton–Hooke superalgebra is obtained by takingε1→ 1 andε2→ 0.
The corresponding commutators are

[J,J ] = −J [J,P ] = −P [J,K] = −K
[K, H ] = P [Ki, Pj ] = 0 [H,P ] =K
[J,Qa] = Qb(S)ba [H,Qa] = Qb(− 1

2γ4γ0)ba

{Qa,Qb} = (−Cγ 0γ i)abKi + (Ĉγ i)abPi.

(5.20)

The natural matrix realization is the same as for super Galilei except for the time translation
generator that is now represented by

H =


0 0 1 ∗
0 0 0 ∗
−1 0 0 ∗
∗ ∗ ∗ S40

 . (5.21)

5.4. A nonstandard (3 + 1) Poincaré superalgebra

Here we discuss a nonstandard contraction of the AdS superalgebra that gives a Poincaré
superalgebra having complex structure constants. In this respect we make use of a chiral
representation whereγ4 is diagonal and is also called the ‘modified chiral representation’ [24]:

γ0 =
(

0 −σ2

−σ2 0

)
γi =

(
0 −σiσ2

σ2σi 0

)
γ4 =

(
I 0
0 −I

)
C =

(
σ2 0
0 −σ2

)
.

We can use a more compact notation with a set of four sigma matrices:σµ = (I, σi),
σµ = (I,−σi), so that

γµ =
(

0 −σµσ2

−σ2σµ 0

)
. (5.22)

With the help of the above expressions we can write the spinor representation ofso(3, 2) as

Sµν =
(
0Lµν 0
0 0Rµν

)
≡1

2

(
σµσν 0

0 (σµσν)
t

)
S4µ = 1

2

(
0 σµσ2

−σ2σµ 0

)
. (5.23)

Now, in order to implement the contraction we fix the grading of the supercharges
according to the eigenvalues ofγ4:

QA, (A = 1, 2) corresponding to eigenvalue +1, it will be assigned grade 0
QA, (A = 1, 2), of eigenvalue−1 and grade 1.

Therefore, we have aZ2 grading with the following contraction parameters:

Kµν → Kµν K4µ→ εK4µ QA→ QA QA→ εQA. (5.24)

The supercommutation rules obtained in the limitε → 0 gives a nonstandard Poincaré
superalgebra:

[Kµν,Kρσ ] = gνσKµρ + gµρKνσ − gµσKνρ − gνρKµσ
[Kµν, Pρ ] = gµρPν − gνρPµ
[Kµν,QA] = QB(0

L
µν)BA [Kµν,QA] = QB(0

R
µν)BA

[Pµ,QA] = 0 [Pµ,QA] = QB(− 1
2σ2σµ)BA

{QA,QB} = 0 {QA,QB} = (σµ)∗ABPµ {QA,QB} = (σ20
Lµν)ABKµν.

(5.25)
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The natural matrix representation for this superalgebra can be derived by means of an
appropriate grading matrix, in agreement with the grading of the subspace of charges:

S(ε) = diag(ε, εI3, 1, 1, I2, εI2). (5.26)

Hence, for the even generators, we have

Kµν =
(
Mµν ∗ ∗
∗ 0 ∗
∗ ∗ Sµν

)
Pµ =

( 0 etµ ∗
0 0 ∗
∗ ∗ Sµ

)
(5.27)

with

Sµν =
(
0Lµν 0
0 0Rµν

)
Sµ = 1

2

(
0 0

−σ2σµ 0

)
. (5.28)

The supercharge matrices have the general structure shown in (5.6) and (5.7), but in this case
theγ andC′ matrices take a different form:

γ ′µ =
(

0 −ε2σµσ2

−σ2σµ 0

)
γ ′4 =

(
I 0
0 −I

)
γ µ′ =

(
0 −σµσ2

−ε−2σ2σ
µ 0

)
C′ =

(
σ2 0
0 −ε2σ2

)
.

(5.29)

Substituting the above expressions in (5.6) and (5.7) we have well defined limits whenε → 0.
Finally, we want to comment, briefly, how in this framework the Poincaré algebra is

described by a faithful representation obtained as a contraction of the symplectic matrices
of sp(4,R). The corresponding representation matrices given in (5.28) leave the contracted
metric invariant

C =
(

iσ2 0
0 0

)
. (5.30)

The space-time points are put in correspondence with the 4D matrices

(t,x) = (xµ)→ xµγµ + γ4 ≡ X (5.31)

with (puttingε = 0 in (5.29))

γµ =
(

0 0
−σ2σµ 0

)
. (5.32)

Hence, the action of the Poincaré generatorsA ∈ {Sµν, Sµ} given by (5.28) on the space-time
is

A : X→ [A,X], (5.33)

that comes from the group action

eλA : X→ eλAXe−λX. (5.34)

This action, leads to the transformation ofxµσ
µ by means of the Lorentz representationD(0,1/2).

A similar contraction would lead to the transformation ofxµσ
µ underD(1/2,0).

6. Conclusions

In this work we have dealt with the problem of physical contractions of the AdS superalgebras
in (1+1) and(3+1) dimensions. By physical contractions we mean those including in the even
sector the well known contractions of the AdS Lie algebra originating kinematical algebras,
for example, the Poincaré and Galilei Lie algebras. An interesting point is the nonuniqueness
of the solutions to the above problem, related to the existence of different gradings providing
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the contraction, and the importance that the dimension has in this respect. However, we have
been able to give a contraction formalism, referred to as the ‘standard contractions’, having
very general properties. We studied, in detail, the grading relevant in the process, how to get
the appropriate basis and the reality conditions characterizing our contractions.

Along the same lines, we also considered the contraction of the natural representations.
These are faithful matrix representations that play a similar role to the defining matrix
representations ofso(2, 1) and so(3, 2) which provide the ambient space for the AdS Lie
algebras in(1 + 1) and(3 + 1) dimensions. Such natural representations are readily built out of
the metric tensor and the class of gamma matrices associated with the corresponding algebra.
This list of properties is not accomplished, for instance, in the fundamental representations of
osp(1/2) or osp(1/4) (corresponding to both AdS superalgebras) because they cannot supply
us with faithful representations for all the kinematical contractions such as the Poincaré and
Galilei superalgebras.

There are several directions in which this investigation can be complemented. Immediate
work is in progress to enlarge this theory to the superalgebra extensions [25, 26] where we
expect new features especially in(1 + 1) dimensions.
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